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Abstract
There is a controversy of how to interpret interactions of electrons with a large spatial coherence
with light and matter. When such an electron emits a photon, it can do so either as if its charge
were confined to a point within a coherence length, the region where a square modulus of a wave
function |ψ|2 is localized, or as a continuous cloud of space charge spread over it. This problem
was addressed in a recent study R. Remez, et al., Phys. Rev. Lett. 123, 060401 (2019) where a
conclusion was drawn in favor of the first (point) interpretation. Here we argue that there is an
alternative explanation for the measurements reported in that paper, which relies on purely classical
arguments and does not allow one to refute the second interpretation. We propose an experiment of
Smith-Purcell radiation from a non-relativistic vortex electron carrying orbital angular momentum,
which can unambiguously lead to the opposite conclusion. Beyond the paraxial approximation, the
vortex packet has a non-point electric quadrupole moment, which grows as the packet spreads and
results in a non-linear L3-growth of the radiation intensity with the length L of the grating when L
is much larger than the packet’s Rayleigh length. Such a non-linear effect has never been observed
for single electrons and, if detected, it would be a hallmark of the non-point nature of charge in a
wave packet. Thus, two views on |ψ|2 are complementary to each other and an electron radiates
either as a point charge or as a continuous charge flow depending on the experimental conditions
and on its quantum state. Our conclusions hold for a large class of non-Gaussian packets and
emission processes for which the radiation formation length can exceed the Rayleigh length, such
as Cherenkov radiation, transition radiation, diffraction radiation, and so forth.
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I. INTRODUCTION
The particle-wave duality underpinned by de Broglie [1] lies in the core of quantum
mechanics. Modern electron microscopes utilize beams whose transverse coherence length
can reach 1 mm and more. In a single-particle regime – for currents lower than 50 nA – the
wave nature of individual particles is expected to reveal itself in electromagnetic radiation
generated during the interaction with matter and light. Somewhat surprisingly, it was found
in a recent study [2] that optical Smith-Purcell radiation [3] of electrons with a transverse
coherence length σ
(e)
⊥ larger than 33 µm occurs as if the charge were confined to a point
within this length where a square modulus of a wave function |ψ|2 is localized. Similar
conclusions were also drawn in Ref.[4] for photoemission in a laser wave, while dependence
on the electron packet’s size was shown to appear when the photons are in the coherent state
[5]. The results of Refs.[2, 4] seem to refute a wave-like interpretation of |ψ|2 according to
which the electron charge e is spread continuously over the entire coherence length akin to
a multi-particle beam.
Here we show that there is an alternative explanation for the measurements reported
in Ref.[2], which is based on purely classical arguments and, therefore, it does not allow
one to conclude in favor of one of the intepretations. We argue that the results obtained
should have been expected under the chosen experimental conditions and demonstrate how
to modify the experimental scheme in order to come to the opposite (continuous current
density) conclusion without an alternative classical explanation. Namely, we propose to use
the vortex electrons carying orbital angular momentum (OAM) with respect to a propagation
axis [6] to generate Smith-Purcell radiation. Such electrons – unlike the customary Gaussian
beams – have intrinsic electric quadrupole moment beyond a paraxial approximation [7, 8],
which is proportional to the packet’s coherence length and the wider the packet is the
larger the quadrupole contribution to the radiation. Spreading of a non-relativistic vortex
packet during its propagation next to the grating can result in a non-linear L3-dependence
of the radiation intensity on the grating length L for a single electron due to its quadrupole
moment.
The non-linear effects have previously been known only for Smith-Purcell radiation from
high-current beams, starting from 1 mA [9, 10], or for electrons additionally exposed to a
laser field [11], but never for a single freely propagating electron. Here we predict the non-
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linear intensity growth for a single vortex electron or, more generally, for any non-Gaussian
packet with a quadrupole moment, which is also the case for an Airy beam [12] and for
a Schro¨dinger’s cat state with a not-everywhere positive Wigner function [13]. We argue
that such a non-paraxial quantum effect can in principle be detected with the available
electron beams and it would be a hallmark of the non-point nature of charge in a wave
packet. Importantly, our conclusions hold for a wide class of emission processes for which
the radiation formation length can exceed the packet’s Rayleigh length, such as transition
radiation, diffraction radiation, emission in a laser pulse, and so on. A system of units
h¯ = c = 1 is used.
II. PRE-WAVE ZONE EFFECTS IN RADIATION
Smith-Purcell radiation as a special case of diffraction radiation [3, 14–17] arises as the
electromagnetic field of an electron induces a time-varying current density j on a grating.
It is this current that eventually emits a real photon and not the electron itself. Quantum-
mechanically, the radiation arises due to the elastic scattering of a virtual photon by the
grating. The transverse coherence length of the virtual photon emitted by the electron is
σ
(γ)
⊥ ≈ βγλ <∼ λ for β ≈ 0.4− 0.7, (1)
where γ = ε/m = 1/
√
1− β2 >∼ 1 is the electron Lorentz factor. There are at least two
reasons why a non-relativistic electron with a large transverse coherence length
σ
(e)
⊥ ≫ λ >∼ σ(γ)⊥ (2)
emits radiation like a point particle confined inside a region of the width σ
(e)
⊥ where |ψ|2 is
localized and not like a cloud of space charge e spread over this region: (i) as the radiation
is due to scattering of the virtual photons, a radiation formation width is of the order of
σ
(γ)
⊥ , not the entire region of σ
(e)
⊥ ; (ii) if a detector is placed at a far distance, r ≫ σ(e)⊥ , a
multipole expansion of the surface current holds, j = je + jµ + jQ + ..., even if the packet
is wide. The radiated energy dW ≡ d2W/dωdΩ also represents a multipole series,
dW = r2 |ERe (je) + ERµ (jµ) + ERQ(jQ) + ...|2 =
= dWe + dWeµ + dWeQ + dWµ + dWQ + ..., (3)
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where dWe = r
2|ERe |2, dWeµ = r2(ERe · (ERµ )∗+c.c.), etc. In a linear approximation, suitable
for currents lower than 1 mA, these multipole moments are coupled to those of the wave
packet itself. The photons are emitted due to the electron’s point charge e, to its point
magnetic moment[31] µ, to a nonpoint electric quadrupole moment Qij , etc. A key obser-
vation here is that all the higher moments are vanishing if the packet is Gaussian, at least
approximately [7]. That is why, whatever width a packet has it always radiates like a point
charge, dW = dWe, within the paraxial approximation.
Thus, the conclusions of Ref.[2] could have been expected for the chosen experimental
conditions but they do not allow one to unambiguously refute the continuous current density
interpretation because the measurements could support it if the conditions were different.
Before we formulate them, we demonstrate how the observed in Ref.[2] wide azimuthal
distributions can be explained by using purely classical arguments. First, all the models of
Smith-Purcell radiation from a point charge we are aware of (for instance, [14–17]) predict the
azimuthal distributions in the far-field that are much narrower than those in Fig.3 of Ref.[2],
see the black solid line in our Fig.1. This width is a function of the particle energy due to
the envelope dWe ∝ exp
{
− 4pih
βγλ
√
1 + β2γ2 cos2Φ sin2Θ
}
where h is an impact-parameter.
The wide azimuthal distributions may be a hallmark that the measurements were performed
in a so-called pre-wave zone [16, 18, 19], not in the far field.
When collecting many photons emitted by many electrons even in a low-current regime,
a transverse region of the grating, which participates in the formation of radiation, is of the
order of the beam width σ
(e)
b , which is much larger than the width of a packet σ
(e)
⊥ . So, the
condition of the wave zone in a plane Θ ≈ Φ ≈ π/2 (see Fig.2) is [19]
r ≫ rp-w = (σ(e)b )2/λ. (4)
For parameters of Ref.[2], the pre-wave zone radius rp-w is found to be
rp-w ≈ 15 cm, σ(e)b = 300µm,
rp-w ≈ 6.7 m, σ(e)b = 2mm. (5)
Thus, the measurements of Ref.[2] are likely to have taken place in the pre-wave zone where
the azimuthal distributions must be very broad [19].
To take this effect into account, one needs to average the one-particle emission rate,
dW class(rT ), not with |ψ|2 as in Eq.(4) of Ref.[2] but with a beam transverse distribution
4
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FIG. 1: Azimuthal distributions of Smith-Purcell radiation for λ = d, the parameters of Ref.[2]
and different distances to the detector according to Eq.(6) and the model [21]. The green dashed
line (r = 0.5 rp-w) and the red dash-dotted line (r = 0.3 rp-w) correspond to the pre-wave zone,
while the black solid line corresponds to the wave zone (r ≫ rp-w).
function ρb(rT ),
dW
dωdΩ
=
∫
d2rT ρb(rT )
dW class(rT )
dωdΩ
. (6)
The function ρb can be Gaussian, ρb ∝ Nb exp{−r2T/2(σ(e)b )2}, and it is normalized to
a number Nb of electrons in the beam. Importantly, both Eq.(6) and Eq.(4) of Ref.[2]
indirectly imply that the detector can be placed in the pre-wave zone because the far-
field intensity does not depend on the transverse shift rT at all. Indeed, a transverse
shift is a phase rotation, ψ(p) → ψ(p) e−ip·rT , and the intensity [20] dW far-field/dωdΩ =
− e2ω2
(2pi)2
jfiµ(k) (jfi
µ(k))∗ , jµfi(k) =
∫
d4x ψ¯f (x)γ
µψi(x) e
ikx, stays invariant under this rota-
tion. Unlike Eq.(6), the formula for the wave zone deals with the momentum representation,
which is quite natural; see details in Supplementary materials.
To calculate dW class(rT ) at an arbitrary distance r we use the model of Ref.[21], although
the azimuthal distributions are largely model-independent. As can be seen in Fig.1, the
green and red lines fit the data in Fig.3 of Ref.[2] much better than the far-field line does.
Thus, the unusually wide distributions reported in Ref.[2] are likely to have taken place due
to the pre-wave zone effect, which is a purely classical phenomenon.
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FIG. 2: Smith-Purcell radiation of a vortex electron packet characterized with a point charge e, a
point magnetic moment µ, and a non-point electric quadrupole moment Qαβ(t), which grows as
the packet spreads. The radiation wavelength is λ = d (β−1 − cosΘ)/n, n = 1, 2, 3, ...
III. SMITH-PURCELL RADIATION FROM A VORTEX ELECTRON
Now we are going to propose an experiment in which an electron radiates in the far field
as if it had its charge spread over the entire region of σ
(e)
⊥ . As noted above, for non-Gaussian
packets there appear additional contributions in Eq.(3) because the far-field intensity dW is
not invariant under the general phase rotations, ψ(p)→ ψ(p) e−iϕ(p), ϕ 6= p·rT . As a result,
the intensity is sensitive to the phase ϕ(p) of the electron wave function ψ(p) = |ψ(p)| e−iϕ(p)
and it is this phase that defines the packet’s shape |ψ(x)|2 [7, 22]. Such a packet has also
an electric quadrupole moment, which – unlike the magnetic moment – has a finite radius
defined by the packet’s coherence length. The vortex electrons with OAM ℓ [6], the Airy
beams [12], as well as superpositions of states with the not-everywhere positive Wigner
functions can serve as such non-Gaussian packets. Importantly, the quadrupole contribution
comes about only beyond the paraxial approximation, in which case self-interference of the
packet results in a dependence on σ
(e)
⊥ .
Consider Smith-Purcell radiation generated by a non-relativistic vortex electron, see
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Fig.2. Its magnetic moment and the electric quadrupole moment are [7, 8, 23]
µ = zˆ
ℓ
2m
, Qij(t) = (σ
(e)
⊥ (t))
2 diag{1/2, 1/2,−1}, (7)
where σ
(e)
⊥ (t) = σ
(e)
⊥
√
1 + t2/t2d, td = (tc/|ℓ|) (σ(e)⊥ /λc)2 is a spreading time, and λc = 1/m ≈
3.9 × 10−11 cm is the Compton wavelength. Neglecting both the quantum recoil and the
quadratic corrections, dWµ, dWQ, etc., we have the following radiation intensity:
dW = dWe + dWeµ + dWeQ,
where neither dWe nor dWeµ depends on the packet’s width, but dWeQ does. We cal-
culate these terms according to the model [21] where the surface current is induced by
the fields Ee,Eµ,EQ of the first three moments derived in Ref.[23]. The leading term
dWe is defined by Eqs.(57),(58) in Ref.[17], while the magnetic moment contribution,
dWeµ/dWe ∼ ℓ cos Φλc/λ, can reach 10−4 for ℓ ∼ 103 and λ ∼ 1µm but it vanishes at
Φ = π/2 due to the symmetry considerations (cf. [24]).
When σ
(e)
⊥ ≪ λ, the quadrupole contribution consists of two parts, dWeQ = dWeQ1(N) +
dWeQ2(N
3). The former represents a standard non-paraxial correction [23],
dWeQ1/dWe ∼ ℓ2
λ2c
(σ
(e)
⊥ )
2
, (8)
while the latter part is due to the spreading (the term t2/t2d ≡ 〈z〉2/z2R) and it can be
neglected for relativistic electrons or when the radiation formation length is smaller than
the Rayleigh length zR = βtd = β (λc/|ℓ|) (σ(e)⊥ )2/λ2c . For non-relativistic energies, however,
the Rayleigh length does not exceed a few cm for relevant parameters and the spreading
can noticeably modify the radiation if the length L of the grating of N strips is large:
L = Nd≫ zR. In this case, the quadrupole contribution integrated over frequencies for the
first diffraction order n = 1 is found as
dWeQ2
dΩ
≈ N2 ℓ2 λ
2
c
(σ
(e)
⊥ )
2
2π2
3β4γ4
d2
λ2(Θ)
dWe
dΩ
,
dWeQ2/dWe ∼ N2 ℓ2
λ2c
(σ
(e)
⊥ )
2
. (9)
where λ(Θ) = d (β−1− cosΘ). For a long grating, N ≫ 1, this ratio can be only moderately
attenuated, dWeQ2/dWe
<∼ 1, while the ordinary non-paraxial contribution can still be small,
dWeQ1/dWe ≪ 1. In contrast to the magnetic moment effects [24], the observation of this
dynamically enhanced term does not necessarily require as large an OAM as possible.
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FIG. 3: Dependence of Smith-Purcell radiation on the number of strips for d = 10µm, σ
(e)
⊥ = 100
nm, h = 2.7µm, zR ≈ 1.3 mm, Nmax ≈ 3500, Lmax ≈ 3.5 cm, Θ = Φ = π/2. While for a point
charge this dependence is linear (the green line), a non-point vortex packet with a quadrupole
moment reveals an N3 dependence for Nd≫ zR.
Most importantly, while the intensity from a charge dWe linearly grows with the num-
ber of strips N , the non-paraxial contribution dWeQ2 grows non-linearly [32], as N
3. This
remarkable feature is a direct consequence of the delocalized nature of charge in the twisted
packet and it puts an upper limit on the grating length Lmax = Nmaxd for which the ra-
diation losses stay small compared to the particle’s energy. This limit can be derived by
demanding that both the quantum recoil and the quadratic corrections can be neglected,
ω/ε ∼ λc/λ≪ dWeQ2/dWe ≪ 1, which yields
√
λc
λ
σ
(e)
⊥
λc|ℓ| ≪ N ≪
σ
(e)
⊥
λc|ℓ| . (10)
For the moderately large OAM, |ℓ| ∼ 10−100, and σ(e)⊥ ∼ 1 nm−1µm, we have σ(e)⊥ /λc|ℓ| ∼
10− 105, so the number Nmax can be taken as 0.1− 0.2 of this value.
The easiest way to detect this non-linear enhancement is to perform measurements in a
perpendicular plane, at Θ = Φ = π/2, and to compare the radiation from at least three
gratings of different length. In this geometry, the magnetic moment term vanishes, dWeµ = 0,
and dWeQ2 can reach some 10−20% of the leading term dWe. The effect can more easily be
detected in the IR and THz ranges, for which the grating period should be larger than 10µm.
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FIG. 4: Polar dependence of Smith-Purcell radiation for d = 100µm, σ
(e)
⊥ = 20 nm, ℓ = 10,
h = 33µm, zR ≈ 70µm, Nmax ≈ 800, Lmax ≈ 8 cm, Φ = π/2. The maximum (the blue dot) is
shifted due to the quadrupole contribution.
In Fig.3 we present the non-linear growth of the intensity with the number of strips, which
can be seen with a naked eye, while in Fig.4 the enhancement for the small polar angles,
dWeQ2(Θ = 0)/dWeQ2(Θ = π/2) ≈ 4, is shown accompanied with a several-degree shift
of the maximum. If detected, this shift could also serve as an evidence of the quadrupole
contribution. Note that for very wide packets, σ
(e)
⊥ ≫ λ, the quadratic corrections dWµ, dWQ
and higher-order terms can become important, which is why we do not consider the case
σ
(e)
⊥ >∼ 33µm of Ref.[2].
As the electron coherence length in a vicinity of a cathode does not exceed a few nm
[25, 26] and for vortex packets it scales as σ
(e)
⊥ ∝
√|ℓ|, the grating must be placed not too
far from the vortex electron source or, alternatively, the focusing can be applied. When
detecting many photons from electrons of a beam, it is important to have the beam angular
divergence as small as possible, otherwise many electrons could hit the grating well before
they reach the part where the quadrupole contribution becomes noticeable. For the optical
range and the grating period d = 416 nm, the maximal grating length Lmax ∼ 10µmmatches
the effective interaction length of the beam used in Ref.[2] (the distance before an electron
hits the grating) for σ
(e)
⊥ ∼ 10 nm and |ℓ| ∼ 200, which seems feasible, although the beam
focusing could be needed. Instead of minimizing the beam divergence, one could also rotate
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the grating so that to minimize the electron losses, although at the expense of statistics.
IV. DISCUSSION
The above non-linear enhancement can also reveal itself in other processes with non-
relativistic non-Gaussian packets for which the radiation formation length is much larger
than the Rayleigh length, such as Cherenkov radiation and diffraction radiation in a cylin-
drical channel of a finite length, transition radiation in a slab, Compton emission in a laser
pulse, and so on. While the spreading does not influence radiation from the Gaussian pack-
ets much, it does so for the non-Gaussian ones beyond the paraxial approximation. The
non-local nature of charge in a packet results in the non-linear effects in radiation both for
the constructive self-interference (an everywhere positive Wigner function) and for the par-
tially destructive one (a not-everywhere positive function). We also emphasize that while
both the magnetic moment of an unpolarized vortex electron and its quadrupole moment
arise due to the wave nature of electron, the radiation regime in which the quantum recoil
is negligible but the non-paraxial effects become noticeable represents a curious example in
which the point and wave-like properties of electron reveal themselves simultaneously.
Concluding, we have argued that the classical pre-wave zone effect could have been the
reason for the wide azimuthal distributions reported in Ref.[2]. While for the Gaussian
electron packets the dependence of the radiation on the electron’s coherence length comes
about only in the pre-wave zone, for non-Gaussian packets such a dependence can take place
already in the far-field where – in contrast to Ref.[5] – the photons are detected as the plane
waves. We have shown that an electron packet with an electric quadrupole moment (e.g.,
a vortex electron) can emit radiation in the far-field as if its charge were spread over the
entire coherence length. This non-point charge contribution can reveal itself in a non-linear
growth of the intensity for a family of emission processes when the radiation formation
length exceeds the Rayleigh length. Our findings support Bohr’s complementarity principle
and demonstrate that a choice between the two seemingly contradictory interpretations of
a square modulus of the wave function depends on a distance to the detector and on a
quantum state of the projectile.
We are grateful to A.P. Potylitsyn, A.Aryshev, and, especially, to A.A. Tishchenko for
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(Project No. 17-72-20013).
V. APPENDIX
Our main formula (3) is based on a multipole expansion of the classical current density j.
It is instructive to prove that the same linear approach holds in quantum electrodynamics
(QED) where a similar expansion of the transition current density jfi is used. The radiation
intensity of the classical current in the far-field is given by Eq.(14.70) in Ref.[27], which can
be written as follows (one needs to apply kµj
µ(k) = 0):
dW
dωdΩ
= − ω
2
(2π)2
jµ(k) (j
µ(k))∗ ,
jµ(k) =
∫
d4x jµ(x) e
itω−ikx. (11)
A probability to emit a photon by an electron in the lowest order of QED is [20]
dν = |Sfi|2 d
3k
(2π)3
, Sfi = −ie
∫
d4x jµfi(x)A
∗
µ(x),
jµfi(x) = ψ¯f (x)γ
µψi(x). (12)
When the photon is detected in the wave zone as a plane wave with Aµ(x) =
√
4pi√
2ω
eµ(k) exp{−itω + ikx}, the radiated energy summed over the photon polarizations by
eµe
∗
ν → −gµν is found as
dW
dωdΩ
= ω
dν
dωdΩ
= − ω
2
(2π)2
e2jfiµ(k) (jfi
µ(k))∗ . (13)
The only difference from the classical formula (11) is that the final state of the electron does
not coincide with its initial state. Accordingly, the mutipole expansion (3) also holds in
QED irrespective of the specific emission process.
Now we are going to demonstrate how to take into account the shape of an electron wave
packet in radiation or the shape of a beam in incoherent radiation of Nb electrons. Let the
initial electron be described by an arbitrary packet with a wave function
ψi(x) =
∫
d3p
(2π)3
ψ(p)
ui(p)√
2ε
e−itε+ipx. (14)
Then the matrix element and the probability become
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Sfi =
∫
d3p
(2π)3
ψ(p)S
(pw)
fi (p),
dν =
∫
d3p
(2π)3
d3p′
(2π)3
ψ(p)ψ∗(p′)S(pw)fi (p) (S
(pw)
fi )
∗(p′)
d3k
(2π)3
=
=
∫
d3p
(2π)3
d3q′
(2π)3
ψ(p+ q/2)ψ∗(p− q/2)S(pw)fi (p+ q/2) (S(pw)fi )∗(p− q/2)
d3k
(2π)3
, (15)
where we use new variables (p,p′)→ (p+q/2,p−q/2). If we deal with a single electron and
not with a multi-particle beam, one can completely neglect the dependence of S
(pw)
fi on q,
which is called the paraxial approximation. The corrections due to small q arise beyond the
paraxial regime because of the quantum self-interference, which can become noticeable for
tightly focused packets [22, 28]. For a beam, the leading term with |S(pw)fi (p)|2 describes the
incoherent emission of uncorrelated particles, while the first correction due to non-vanishing
q takes inter-particle correlations (coherence effects) into account.
The leading term for a wide paraxial packet is thus
dν(incoh) =
∫
d3p
(2π)3
d3q′
(2π)3
ψ(p+ q/2)ψ∗(p− q/2)
×|S(pw)fi (p)|2
d3k
(2π)3
=
∫
d3p
(2π)3
n(0,p, 0) dν(pw)(p), (16)
or for the radiation intensity in the wave zone (cf. Eq.(3) in Ref.[4])
dW (incoh)
dωdΩ
=
∫
d3p
(2π)3
n(0,p, 0)
dW (pw)(p)
dωdΩ
, (17)
where we have used the definition of a Wigner function [13, 22],
n(x,p, t) =
∫
d3q ψ∗(p− q/2, t)ψ(p+ q/2, t) eiqx. (18)
The formula (17) allows one to take into account the spatial shape and width of the radiating
packet because the momentum uncertainty δp is connected with the former as σ
(e)
⊥ ∼ 1/δp.
Note that it is only for a Gaussian packet that the Wigner function n(0,p, 0) coincides with
|ψ(p)|2, while for a vortex electron, for instance, it does not – cf. Eq.(68) in [28]. Thus,
Eq.(17) is more general than Eq.(3) in Ref.[4] as the former also depends on a phase of the
wave function ψ(p) and it is applicable for packets with the not-everywhere positive Wigner
functions. For a plane-wave state with n(0,p, 0) = (2π)3δ(p− p0) we recover the standard
result.
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For emission of many photons by a beam of electrons, the Wigner function is normalized
to a number Nb of particles in the beam,∫
d3p
(2π)3
n(0,p, 0) = Nb.
In this case, Eq.(17) describes the incoherent radiation, which is a good approximation for the
small radiation wavelengths λ ≪ σ(e)b and the low-current (single-electron) regime, typical
for electron microscopes. The opposite case of λ >∼ σ(e)b and the bunched electrons can be
realized in a particle accelerator, for which the leading term (17) is no longer sufficient. We
will analyse corrections to the paraxial (incoherent) approximation elsewhere (see Ref.[29]).
The main difference of Eq.(17) from Eq.(4) in Ref.[2] is that the former uses the mo-
mentum representation, while the latter – the coordinate one. The use of the momentum
representation is natural and even unavoidable for the wave zone because the radiation
source is completely delocalized, which is why one has to deal with momenta, not coordi-
nates. As clearly seen from Eq.(12), the far-field radiation probability does not depend on
the transverse shift rT of the radiating electron because such a shift changes only the phase
as ψ(p) → ψ(p) e−ip·rT , to which the intensity is not sensitive. The intensity is sensitive,
however, to the more general phase rotations, ψ(p)→ ψ(p) e−iϕ(p), ϕ 6= p · rT , which is why
the higher multipole moments make a non-vanishing contribution to the far-field. To derive
a quantum formula analogous to Eq.(15) but also suitable for the pre-wave zone, one needs
to take the final photon’s wave function not as a delocalized plane wave but as a spatially
localized wave packet. Such an approach is somewhat similar to that of Ref.[5] where the
photon was taken as a spatially localized coherent state.
On the contrary, to describe the radiation in the pre-wave zone it is natural to use the
coordinate representation. The corresponding classical formula is given by Eq.(6) in the
main text of the paper,
dW
dωdΩ
=
∫
d2rT ρb(rT )
dW class(rT )
dωdΩ
. (19)
When the detector is in the far field, the dependence of dW class on rT vanishes and we are
left with
dW far-field
dωdΩ
= Nb
dW class
dωdΩ
, (20)
which reflects the well-known fact that an incoherent form-factor for a beam equals unity
[29, 30]. As has been recently shown in Ref.[30], the incoherent form-factor can differ from
13
unity when the grating in Smith-Purcell radiation or a target in transition and diffraction
radiation is spatially limited – say, when the grating has a width smaller than the transverse
coherence length of the virtual photon βγλ, so the radiation formation width is defined by
the geometrical sizes of the target.
Analogously, the pre-wave effect also comes about due to the finite radiation formation
width but because the detector is moved closer to the target. Eq.(19) explicitly demonstrates,
therefore, that the incoherent form-factor also differs from unity for the radiation in the
pre-wave zone. In this sense, the wide azimuthal distributions measured in Ref.[2] can be
considered as an evidence of such a form-factor. This conclusion holds not only for Smith-
Purcell radiation, but also for a much wider class of emission processes, including diffraction
radiation, Cherenkov radiation, transition radiation, Compton and Thomson scattering in
laser fields, and so forth.
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